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i v  

ABSTRACT 

It i s  t h e  i n t e n t  of t h i s  Paper t o  d iscuss  the  meri ts  of a d i g i t a i  

coherent memory f i l t e r  as a low frequency spectrum analyzer ;  t h e  s p e c i f i c  

app l i ca t ion  s tudied  i s  bending mode i s o l a t i o n  i n  a Saturn V/S-IC booster .  

From t h e  genera l  analog coherent memory f i l t e r ,  a d i g i t a l  system is  derived, 

f u l l y  capable of i s o l a t i n g  frequencies as low as .8Hz t o  within 5$. 

A s  a means of subs t an t i a t ing  the method of approach, the  design i s  

simulated with t h e  a i d  of a d i g i t a l  computer. To i l l u s t r a t e  the behavior 

of t h e  coherent memory f i l t e r  i n  noise,  uncorrelated,  addi t ive ,  gaussian 

rials? i s  introduced by a random number generat ing subroutine.  Frcm these  

r e s u l t s ,  spec i f i ca t ions  for hardware implementation m y  be predicted.  



PART I 

INTRODUCTION 

U n t i l  now, t h e  coherent memory f i l t e r ,  i n  both analog and d i g i t a l  

forms, has been under study as a r e a l  time spectrum analyzer  f o r  high f r e -  

quency radar  appl ica t ions .  Using the coherent memory f i l t e r ,  radar  r e t u r n  

da t a  may be processed and displayed i n  doppler frequency ( t a r g e t  v e l o c i t y )  

and t a r g e t  range over a wide band of f requencies ,  with very l i t t l e  equip- 

nient 

scheme, thus  becomes obsolete .  

14 . Use of a series of bandpass f i l t e r s  i n  a complex range-gating 

This  bas i c  concept may also be u t i l i z e d  i n  low frequency spectrum 

a n a l y s i s  with q u i t e  u se fu l  r e s u l t s .  Applied t o  bending mode ana lys i s  or' 

a vea ic l e  i n  E i g h t ,  wherein the  bending ;nodes are i s o l a t e d  by a bank of 

turlrd f i l t e r s ,  the  coherent rnernory f i l t e r  o f f e r s  g r e a t  s implicat ions i n  

tiard-,$are. By the  use of two delays,  a re ference  frequency generator,  and 

two adders,  t he  e n t i r e  system of notch f i l t e r s  may b e s i q p l i f i e d .  From 

t h i s  r a t h e r  simple c i r c u i t r y ,  mode da ta  may be i s o l a t e d  i n  amplitude and 

frequency t~ v:thin 9 very siiiill l i r r l i L  of e r r o r .  i n  addi t ion ,  as a con- 

sequence of t h e  coherent memory f i l t e r  c h a r a c t e r i s t i c s ,  data frc.>m s eve ra l  

l o c a t i o n s  i n  the  vehic le  may be processed simultaneously with the  same 

system, on a time multiplexed basis. 

A s  an  a i d  i n  comprehending the  operat ion of t he  coherent memory f i l t e r ,  

i t s  behavior i n  both analog and d i g i t a l  forms will be descr ibed.  

p r o p e r t i e s  explained, a system design w i l l  be developed and s tudied  with 

t h e  a id  of computer simulation. 

These 



Par t  I1 

THEORY 

Analog Coherent Mewry F i l t e r  

S ingle  sideband Technique 

One of t h e  ear l ies t  coherent memory f i l t e r  designs,  has t h e  form of 

t h a t  i l l u s t r a t e d  i n  Figure 1. 14 It c o n s i s t s  of a sampled input  x(nT) 

delayed and summed with previous samples, after having been s h i f t e d  i n  

frequency by a constant  frequency generator  and s ing le  sideband (SSB) 

mixer. 

of t h e  delay l i n e  length,  T, i .e .  s h i f t i n g  frequency 

The generator  frequency i s  an i n t e g r a l  multiple of t h e  r ec ip roca l  

K 
T fs = - K = 1,2,3 ..... 

Thus f o r  any p a r t i c u l a r  time t, between 

genera tor  s h i f t s  the  delayed samples i n  phase by rad ians .  

Because of t h e  s e l e c t i o n  of t he  reference frequency fs ,  t h e  phase s h i f t  

i s  pe r iod ic  i n  T seconds ( the  delay l i n e  l eng th ) .  

nhcpn "L:c+ d f + )  -.-... L- .---q.&--:-- 

nT and (n+l)T the frequency 

@ ( t )  = 2nf t 
S 

Mathematically, the  

y & A U U L  Q 1 I L J . U  p \ b J  lllczy U C  chU.LQLbClJ.L,Cd 2 s  fo l iovs :  

*, 

C .  

\ 
where t = t + nT, 0 f t f T. The quan t i ty  ts represents  the  time S S 

r e l a t i v e  t o  t h e  $ ta r t  of each delay l i n e  cycle;  i t s  cont r ibu t ion  i s  a 

cons t an t  phase s h i f t  

it rep resen t s  t h e  per iodic  nature  of #(t) and o f f e r s  no cont r ibu t ion .  

2nKts 
flS = -. The 2 m  t e r m  may be dropped, s ince  T 
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Figure 1 CMF U t i l i z i n g  SSB Mixer 



a 

Therefqre : 

From these  observations,  it follows t h a t  t he  output y a t  time %, n 
after N r ec i r cu la t ions ,  cons i s t s  of t h e  sample x ( t ) J  x(t-T) phase s h i f t e d  

by $s, x(t-2T) phase s h i f t e d  by 2$s radians,  ..... and x(t-NT) phase 

s h i f t e d  by Nfls r ad ians .  blathematically: 

k=O 

The compley nota t ion  denotes the  s ingle  sideband mixing operat ion.  

I f  t i s  var ied  from 0 t o  T ( a l t e rna te ly ,  $ var i e s  from 0 t o  2nk) ,  
S S 

the  delay l i n e  i s  e f f e c t i v e l y  scanned from 0 t o  T; the  output i s  seen t o  

r e sona te  a t  c e r t a i n  poin ts  i n  the  delay l i n e .  

occur where k$- = wT ( k = l  .... N ) ;  w i s  the  input  rad ian  frequency. 

output ,  which i s  a c t u a l l y  an approximation t o  the  Fourier  spectrum of 

t h e  input ,  is given i n  f igu re  2. 

i s  shown, r e s u l t i n g  from the  complex nota t ion  used. Mathematically, 

it i s  the  following: 

These resonant pos i t ions  

T h e  

Only the  pos i t i ve  frequency component 

from a n  input  time func t ion  o f  the f w m :  

x ( t )  = A COS w o t  
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Figure 2 Typical Analog Output 



LO 

[x(t)] = $- (w-wo) t he  pos i t i ve  Fourier  transform of 

x ( t  1 
A coherent memory f i l t e r  u t i l i z i n g  t h i s  theory would requi re  a very 

s t a b l e  re ference  generator  and a highly accurate  s ing le  sideband mixer. 

These requirements could be achieved a t  high frequencies;  however f o r  very 

low frequency appl ica t ions ,  t he  technique i s  not usefu l .  a, 11 

Corr e1a.t i on Scheme 

An a l t e r n a t e  approach, which i s  l ineay  i n  t h e  loop, i s  shown i n  f igu re  

3.  

of t h e  input .  

t r a r y  func t ian  x ( t ) :  

With t h i s  method it i s  possible  t o  approx imte  the  Fourier spectrum 

Consider t h e  equation f o r  the  Fourier  transform of an a . rbi-  

- j25rft 
F ( f )  =%[x(t)]= f x ( t )  e d t  

J 

A u s e f u l  sirnplication of t h i s  equation would be t o  sample x ( t ) ,  thereby 

reducing in t eg ra t ion  t o  summation. Responses t o  cos 2nft and s i n  2 n f t  

could then y i e ld  an approximation t o  t he  spectrum magnitude: 

2 N 2 N 2 
I F ( f ) )  = cx(kT)  cos z n f t ]  + [x(kT) s i n  2 n f t ]  

k=O k=O 
(6 ) 

By varying f as shown i n  f igure  4, t h e  above mathematics nay be r e a l -  

i z e d  phys ica l ly .  Two delay l i n e s  ths become necessary, f o r  separate  

s i n e  and cosine processing. I n  t h i s  system the input  samples a r e  cor re-  

lated with a series of reference frequencies;  t h e  reference frequencies 
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J l 

F i g w e  3 Simplif ied Corre la t ion  Scheme 

T 

T IME 

Figure 4 Frequency Sweep 
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I 

vary continuously with per iod T. 

t h e  output  has  %he same f o r m  as t h a t  of t he  s i n g l e  sideband technique 

shown i n  f igu re  2; however i n  the  c o r r e l a t i o n  scheme t h e  peak corresponds 

t o  t h e  re ference  frequency y ie ld ing  t h e  l a r g e s t  c o r r e l a t i o n  with t h e  i n -  

put  frequency. Since the  reference frequency genera t ion  i s  continuous, 

t h e  peak occurs exac t ly  a t  t he  input frequency. 

t h e r  explained as follows: 

A f t e r  N r e c i r c u l a t i o n s  i n  t h e  delay l i n e  

These r e s u l t s  may be fur- 

Consider t h e  output  u$ing t h e  c o r r e l a t i o n  scheme i f  cosine co r re l a -  

t i o n  only i s  used: 

W(t-kT) (t-kT) 3 (7) 

k=O 

n t  
,where w(t) = - per iodic  i n  T 

T2 

and x ( t )  = A ccs (vat + 8,) 

Equation (7) upon s impl i f i ca t ion  (see Appendix A ) ,  has t h e  following form: 

s i n  - N+ 1 (-w T + F) n t  

cos -@(t) ( 8 )  A 2 0 
1 
2 

Y ( t >  = 5 
s i n  - (-w0T + T 

cos Id(t> 
1 s i n  - N+ 1 (woT + T 

s i n  - (woT + ) 
A 2 
2 1 rrt 

2 

+ -  



The above equation i s  per iodic  i n  T and i n  frequencies d i f f e r i n g  by  - 1 . 
2T 

A Maxima equal  t 9  5 (lV.1) COS fl0 a r e  loca ted  a t  the  following pos i t ions  i n  

time 

A 

2 
t = -  wOT 

r[ 

N+ 1 n t  s i n  - (-woT + T 
1 r r t  s i n  2 (-w0T + - 
2 

T 

WoT2 
and t = - -  

J[ 

The maximum descr ibed by equation (9) i s  never seen s ince  the  reference 

frequencies  a r e  pos i t i ve  only,  

r e s u l t i n g  magnitude output would be the  following: 

If s ine  co r re l a t ion  were a l s o  used the  

I 

A s  N i s  increased equation (10)  approaches a u n i t  impulse centered 

2 w T  
0 a t  t = - . This i s  the  t r u e  pos i t ive  frequency spectrum of a cosine 

wave of phase @ e x i s t i n g  f o r  a l l  time. 

t o  any input  spectrum may be displayed (see Appendix B ) .  

rr 

Thus f o r  l a rge  N, approximations 
0 

D i g i t a l  Coherent Memory F i l t e r  

The d i g i t a l  r e g l i z a t i o n  of t h e  coherent memory f i l t e r  u t i l i z e s  the  

b a s i c  concepts of t h e  analog case; i n  f a c t  the  c o r r e l a t i o n  technique i s  

s impler  t o  implement d i g i t a l l y .  The more cumplex, va r i ab le  phase scheme 

i s  extremely inaccurate  a t  low frequencies.  

t i o n  technique s h a l l  be the  only method pwsued i n  depth. 

For t h i s  reason the co r re l a -  
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3’ 1 

The d i g i t a l  correlat$on.scheme y i e l d s  a d i s c r e t e  Fourier  spectrum. 

Accuracy of d i sp l ay  i s  dependent on the  number of f requencies  used f o r  

reference.  A d i s c r e t e  Fourier  spectrum would have the  following form: 

k= 0 

I 

I 

k= 0 

(11) 

The above equation descr ibes  what a d i g i t a l  coherent memory f i l t e r  

Each frequency f n  i s  supplied once per period i n  the  form of cos 

The co r re l a t ions  of each frequency with the  i n -  

does. 

2nfnkT and s i n  21tf kT. 

put sample a r e  sumned with previous co r re l a t ions  of t h e  same frequency 

n 

and s to red  as separate s p e c t r a l  components. 

a r e  suppl ied i n  period T the t o t a l  s torage i n  the  delay l i n e  represents  

an approximation t o  a d i s c r e t e  Fourier spectrum from 0 t o  - HZ. I n  

radar applications,correlations of t h e  same frequency a r e  not summed but  

I f  M of these  frequencies 

2T 

are maintained sepa ra t e ly  i n  the  delay l ine,  y ie ld ing  both range and 

doppler infqrmation. 

Figure 5 i l l u s t r a t e s  the  trgnsform procedure i n  matrix form. A dis- 

c r e t e  Fourier  t ransform would perform s t r a i g h t  matrix mul t ip l ica t ion  as 

i l l u s t r a t e d ,  i . e .  co r re l a t ion  of a s ing le  frequency with a l l  time samples. 

The d i g i t n l  coherent memory f i l t e r  mul t ip l ies  each sample XkT by the  

column (kT), s t o r i n g  each word separa te ly  i n  the  delay l i n e ,  i . e .  co r re l a -  

t i o n  of a s i n g l e  time sample with a l l  frequency components. E i the r  method 

y i e l d s  the  same r e s u l t ,  but  t h e  coherent memory f i l t e r  processes the i n -  

formation f a s t e r .  (For complete der iva t ion  see  appendix C ) .  
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Figure 5 Discrete Four ie r  Transform Using 

A D i g i t a l  CME' 



Behavior i n  Noise 

Consider t he  response of the  coherent memory f i l t e r  t o  input  noise  

algne; t h e  noise  power spectrum is assumed bandlimited t o  W ( W 5 S  -). 1 
T 

Since W is l a r g e  with 

As discussed ear l ier ,  

a l l  input  d a t a  with a 

I r e spec t  t o  - t h e  noise  samples are uncorrelated.  

t he  coherent memory f i l t e r  at tempts  t o  c o r r e l a t e  

T' 

series of reference frequencies  t o  obta in  an approxi- 
7 I I mation t o  a Fourier  spectrum of t h e  input  i n  the  band - - t o + - .  2T 2T 

Because' t he  noise  samples a r e  inco r re l a t ed  i n  T, they  w i l l  o f f e r  l i t t l e  

con t r ibu t ion  %o the spectrum. I n  f a c t ,  i f  an input  is  corrupted by un- 

co r re l a t ed  noise, i t s  s i g n a l  t o  noise  r a t i o  w i l l  be improved by a f a c t o r  

of N + l . 1 3  The major e f f e c t  of noise may be shown t o  increase the  side- 

lobes of the output func t ion  (see appendix D ) .  



To apply t h e  co r re l a t ion  technique t o  low frequencies,  it i s  nec- 

e s sa ry  t o  examine t h e  theory i n  more d e t a i l .  I n  t h i s  s ec t ion  t h e  sys-  

tem i s  s tudied  c lose ly  t o  achieve s impl ic i ty ,  emphasizing the  hardware 

requirements.  The r e s u l t i n g  system i s  shown i n  Figure 9. 

Magnitude Detection 

I 

PmT I11 

DESIGN PROCEDUl33 

A s  dlscussed e a r l i e r ,  it i s  des i red  t o  approximate the  co r re l a t ion  

of t he  input  with e j211ft by cos 2~tf kT + j s i n  211f kT. The system the re -  n n 

f o r e  r equ i r e s  separa te  co r re l a t ion  of reference s ines  and cosines;  t he  

envelope of t he  input  spectrum w i l l  only be displayed, disregarding 

any constant  phase s h i f t .  Two delay l i n e s  a r e  therefore  reqcired. 

I f  the  input  is a s e r i e s  of s inusoids  of a r b i t r a r y  phase, i . e .  

w C w 4 w L w  (12) 1 2 3 4  
+ A cos(w4t + f14) 4 

maxim occurring i n  the  de lay  l i n e ,  using cosine cor re la t ion ,  w i l l  c lose ly  

approximate 5 ( N + 1 )  COS fl1, A2 ( N + 1 )  COS f12, 5 ( N + 1 )  COS and - 
2 3’ - 

2 2 2 

( N + 1 )  cos g4> respec t ive ly .  

y i e l d  maxima corresponding t o  -3 ( N + l )  s i n  f l l J  

The delay l i n e  f o r  s ine  co r re l a t ion  w i l l  

-_ A2 (~+1) s i n  fi2, 
2 2 

-A _Tr ( N + l )  s i n  and -*4. c (N+1)  s i n  $+. Further  processing y i e lds  
2 3’ 2 
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12 A2, A3, and A a t  wI, w2, w3, and w. est imates  of A 4 4' 
These resul ts  show t h a t ,  i f  desired,  approximations t o  the  constant 

input  phases may be obtained by comparing the  output magnitude with 

the  mixima i n  the  delay l i n e ;  t h i s  y i e lds  an approximation t o  s i n  @ 

and cos fii, where $ 

unambiguously : 

i 

i s  t h e  input  phase. Thus, each mode m y  be described i 

zi (fi 1 
Ai 

cos (d = i 

2 F2(f i )  

Ai 
s i n  fli = - -- 

where F i ( f i )  and F2(f i )  a r e  t h e  s p e c t r a l  es t imates  s tored  a f t e r  cosine 

and s ine  co r re l a t ion  respec t ive ly ,  

Input  Sampling Rate - 
Because each sample of t h e  i n p u t  i s  t o  be cor re la ted  with each 

of M frequencies,  it i s  only necessary t o  sample every T seconds, t h e  

d e l a y  l i n e  length.  

(10) i s  per iodic  i n  frequencies d i f f e r ing  by - - 
consequence of t h e  foldover at  the ha l f  sampling frequency present  i n  

t h e  frequency spectrum of any sampled da ta  system. 

The envelope of t h e  output describe6 by equation 

1 
2T This r e s u l t  i s  a 

Thus only frequencies 

I between& - may be processed unambiguously. The maximum frequency 2T 

t o  be processed i s  8.0 Hz, a s  prescribed by the  da ta  i n  Table 1 - X I  

Boeing Report No. D5-15381-1. Therefore the  delay l i n e  length  T must 



be l e s s  than  .0625 seconds fo r  unambiguous processing: 

fmax f 8.0 Hz 

T 5 - 1 = .0625 seconds 
2f 

Number of Data Recirculat ions,  N, 

Considerations on N a r e  dependent upon the  t i m e  allowed t o  process 

the  data and t h e  improvement i n  s igna l  t o  noise r a t i o  des i red .  Process 

t i m e  i s  governed by the  va r i a t ions  i n  mode frequencies  during the  f l i g h t  

and the  sharpness of t he  output maxima necessary f o r  proper frequency 

i s o l a t i o n .  

The frequency data,  givea i n  Boeing Report No. D5-15381-1, shows 

a maximum frequency v a r i a t i o n  w i t h  time of .Wz/sec; t h i s  occurs i n  

mode 4 during the  las t  few seconds of f l i g h t  (see appendix E ) .  The 

mode frequencies  remain essent ia l ly  constant  a t  t h e  beginning of t h e  

f l i g h t ;  t he re fo re  i f  t he  process time i s  se l ec t ed  f o r  worst case, t he re  

w i l l  be very small e r r o r s  incurred a t  t h e  lower f requencies .  

worst  case e r r o r  of 1% on the  four th  mode, process time should be a 

max imum of 2.8 seconds. 

For a 

h y  time limited s i g n a l  has an i n f i n i t e  frequency spectrum; the  

smal le r  t h e  dura t ion  i n  time, t h e  f l a t t e r  and broader the  spectrum. 

To maintain t h e  s p e c t r a l  representa t ion  unambiguous, such t h a t  no two 

mode frequencies  overlap, it becomes necessary t o  s e l e c t  a la rge  number 

of r e c i r c u l a t i o n s ,  N. For 2.8 seconds process time, a maximum N of 45 



may be se lec ted ,  which y i e l d s  unambiguous r ep resen ta t ion  of mode f r e -  

quencies which d i f f e r  by no l e s s  than .36 Hz. (see appendix F) .  

Worst case e r r o r s  due t o  frequency v a r i a t i o n  then become: 

MODE 1: 1.03% 

MODE 2: .47$ 

MODE 3: -75% 

MODE 4: 10.0 % 

Figure 6 i l l u s t r a t e s  t he  magnitude output with increas ing  N. A s  

For N = 45, it N grows la rge ,  t he  peaks become more sharply def ined.  

i s  poss ib le  t o  i s o l a t e  modes d i f f e r i n g  by .36 Hz. 

Reference Frequency Generator 

Because spectrum magnitudes a re  being displayed, it i s  necessary 

t o  generate  both re ference  cosines and s i n e s  from 0 t o  8.0 Hz. Each 

of t h e s e  re ference  values w i l l  be used every T seconds, corresponding 

t o  t h e  sampling i n t e r v a l .  A s  discussed before,  t h i s  scheme performs 

for  each re ference  frequency as shown below: a c o r r e l a t i o n  

Fl(fn) = 

N 

x(kT) cos(2nf kT) cosine co r re l a t ion  
n 

k= 0 

N 

k= 0 

s ine  co r re l a t ion  

Thus a f t e r  co r re l a t ion  each reference value must be ad jus ted  t o  a new 

va lue  t o  be used T seconds later as shown i n  t h e  equations above. This 
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may be accomplished d i g i t a l l y  by the fol lowing algorithm: 

cos(27tf kT = cos L 27tf (k-l) T ]  cos 2nfnT 
n n 

- s in  L2.f (k-1) T] s i n  27tfnT 
n 

n = l . .  . . . .M 

s i n ( 2 n f n U )  = cos L27t fn(k- l )  T ]  s i n  2nfnT 

+ s i n  [ 2nfn(k-1) T]  cos 2nfnT 
n = l . .  . . . .M 

where s i n  2nf T and cos 27tf T are constants .  A l l  r e fe rence  s ines  a r e  

i n i t i a l i z e d  t o  0.0, and a l l  reference cosines t o  1 .0  a t  the  b2giming  

of t h e  process.  

n n 

If frequencies  a r e  t o  be i s o l a t e d  t o  wi th in  5$, .8 Hz being the  

lowest frequency, 201 re ference  s ines  and cosines each d i f a i n g  by 

-04 Hz must be used f o r  co r re l a t ion .  

27tf-T and s i n  2nf-T d i f f e r  by a t  least  one b inary  d i g i t  from cos 2nfO1,T 

and s i n  2nf 

ence values  i s  required.  

capable of s t o r i n g  402 t e n  b i t  reference values  and 402 t e n  b i t  constants ;  

t h e  frequency generator  must a l s o  be capable of ccmputing a l l  co r re l a -  

t i o n s  and ca l cu la t ions  of new reference  values within the  sampling period, 

T.  

This  f u r t h e r  requfres  t h a t  cos 

11' I ,I II 

T. To achieve t h i s ,  a t e n  b i t  word length  f o r  a l l  r e f e r -  n+ 1 

A s  a r e s u l t  t h e  frequency generator  must be 

The above method r equ i r e s  two mul t ip l i ca t ions  and one add i t ion  

f o r  each re ference  cosine and s ine .  

t i o n ;  however, by a d i f f e r e n t  i n t e r p r e t a t i o n  of t h e  re ference  values 

Accuracy decreases with each opera- 
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it i s  poss ib le  t o  s impl i fy  t h e  frequency genera tor .  It w i l l  be shown t h a t  

only 400 t e n  b i t  cosines need be s tored  t o  generate  a l l  referr  once values .  

I This  method r equ i r e s  s torage  of cosine values  from 0 t o  - i n  con t r a s t  

t o  t h e  f irst  method which generated re ference  values  f o r  f requencies  Crom 
T 

0 t o  -- ’ however 
2T ’ 

time. Therefore, 
6 and - Hz. 2T 

It i s  obvious 

only ha l f  the  reference values  need be used a t  ariy one 

t h e  system may s t i l l  c o r r e l a t e  f requencies  between 0 

from f i g u r e  5 t h a t  a l l  cosine re ferences  f o r  t = O  (column 1 ) 

are 1.0, all s ines ,  0.0. It i s  not necessary t o  s t o r e  M ones and zeros;  

one of each i s  a l l  t h a t  i s  needed. Because of t h e  per iodic  nature  of  t h e  

cosine,  each value i n  t h e  matrix i s  equivalent  t o  a t  l e a s t  one value i n  

column two. Therefore,  wi th  a s l i g h t l y  more complex method of s e l ec t ing  

re ference  values,  only t h e  secund column need be s tored .  

Consider t h e  generat ion of cosine re ference  values:  

2 nmkT 
MT c(m) = cos (-) 

2nmk 
M = cos ( -) 

k=O.. . . .N (1Ca j 

The second column of t h e  matrix i n  f i g u r e  5 contains  a l l  values o f  equa- 

t i o n  (16) f o r  k= l ,  m=O. . . . .  M. Equation (16) shows t h a t  t h i s  implies  genera- 
I 

t i o n  of cosine values  from 0 t o  2fl i n  M s t eps ,  which i s  equivalent  t o  

genera t ing  frequencies  from 0 t o  - . 1 
T 

Assiime t h a t  c o r r e l a t i o n  for t = T  has concluded, and it. i s  desired 30 

genera te  a new set of reference consines Z m=O ..... My f o r  t=2T. The m’ 



values  used for t = T  were the  values generated i n  equat ion (IC?-,): 

Z m ( l )  = c ( m >  m=O.. . . .M (17) 

k= 1 
2m.k 

M 
= cos - 

2 n2m zm(2) = cos - 
M 

If 2m f M t h e  value of  Z m ( 2 )  i s  given by 

~ ~ ( 2 )  = c(2m) 

I 

I f  2 m h  M 

Z (2)  = c(21~-M) 
.n 

because of t h e  per iodic  na ture  of t h e  cosine i n  2n: 

cos(2n + x) = cos(2n - x) 

The above procedure i s  t h e  same for any value k; it i s  only requi red  

t h a t  Z,(k) be known t o  ca l cu la t e  Zm(k+l): 

Z (k) = c(i) = cos (2ni )  - 
M m (26) 

(21) 
2 nmk z (k) = cos (-) m M 



2nm(k+l) 
M 

Z,(k + 1) = COS 

2 n ( i  + m) 
M ( 2 3 )  = cos 

= c ( i + r n ) i + n  M (24a) 

= c ( i  + rn - M )  i+ n M (24b 1 

Using the  same ana lys is ,  it i s  poss ib le  t o  generate  a l l  s ine  values 

us ing  t h e  same M s tored  cosines .  

2ni 2 n i  
y,(k) -r s i n  (-) M = cos (- M - n/;l) (25  ) 

(26) 
2 ni 

= cos (- + 3n/2)  M 

i -  M - 4 L o  (27a 1 . ' . y,(k) = c ( i  - M j-) 

,if M/4 i s  an in t ege r  



27 

I 

A flow cha r t  of t h i s  procedure i s  given i n  f i g u r e  5 .  

The only requirements f o r  t h i s  procedure i s  t h a t  a l l  s to red  cosines 

must d i f f e r  i n  a t  least  one binary d i g i t ;  t he re fo re  t e n  b i t  s torage  

i s  requi red .  

Hence, by t h i s  t a b l e  look-up procedure, a l l  c o r r e l a t i o n  values  

may be generated by s torage  of only 400 t e n  b i t  nuxbers. 

e r r o r s  w i l l  be t runca t ion  e r r o r s  r e s u l t i n g  from quant iza t ion  t o  t e n  

b i t  word lengths .  I n  add i t ion  t h i s  scheme w i l l  y i e l d  more symmetric 

approximations t o  t h e  input  spectrum, thus  making s idelobe reduct ion  

easier. 

The only 

S i  de lobe  Suppr e s s i  on 

It i s  poss ib le  t o  reduce the  s ide lobe  response of t'ne output,  t o  

One of t he  easiest  14 achieve b e t t e r  mode i s o l a t i o n ,  i n  a number of ways. 

methods t o  implement d i g i t a l l y  i s  by t h e  use of a Hanning window. 

By t h i s  method, i nd iv idua l  s p e c t r a l  components are summed i n  the  follow- 

ing  manner: 

2,14 

where 

When F ( f n )  i s  a maximum, t h e  components F( f  ) and F( fn+j )  should n- j 

equal 0.0. Thus t h e  m a x i m u m  i s  uneffected,  bu t  the s ide lobes  are reduced. 

Since the  s p e c t r a l  magnitudes are s to red  ind iv idua l ly  it i s  q u i t e  

easy t o  implement equat ion (28) d i g i t a l l y .  A l l  that i s  requi red  i s  a 
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I n i t i q l i z e  
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Figure 7 Flow Char t  of Table-Lookup Scheme 
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k ( k ) = C (  i - u )  I 4 

m = m t l  v 
- 

Figure 7 (cont'd) 



d i g i t a l  s h i f t i n g  and adding procedure. 

mately 13db below t h e  maximum; a l l  o the r  s idelobes,  approximately b0db 

below t h e  maximum. 

The f i rs t  s ide lobes  a r e  approxi- 

Mult iplexing 

By t h e  na ture  of t he  technique, speed of c o r r e l a t i o n  of t he  input  

sample i s  only  l imi t ed  by t h e  mult iply rate. It i s  the re fo re  poss ib le  

t o  c o r r e l a t e  samples from d i f f e r e n t  l oca t ions  of t h e  vehic le  i n  t i m e  

T on a time multiplexed b a s i s .  The same system may be used, t h e  only 

f u r t h e r  requirement being increased s torage  i n  t h e  delay l i n e .  

Behavior of t he  Coherent Memory F i l t e r  i n  Noise -- c- 

It w i l l  prove u s e f u l  t o  study t h e  behavior of t he  coherent memory 

f i l t e r  i n  t h e  presence of input  noise.  A gaussian model w i l l  be assumed. 

All noise  samples a r e  assumed uncorre la ted  with zero mean. The coher- 

e n t  memory f i l t e r  input  then  becomes 

4 
mode.(kT) + nlcT L 1 

x(kT) = 

i=l 

where n i s  the  noise  sample. The p robab i l i t y  dens i ty  func t ion  of 

t h e  noise  has the  following form: 

ICT 

I-- 1 

where h has t h e  dimensions of voltage and O i s  t h e  s tandard deviat ion 



The s i g n a l  t o  noise  power r a t i o  becomes: kT ' or  rms value of n 

4 

i=l 

2 C  

By varying G and using a gaussian random number generator  i n  t h e  com- 

puter  simulation, a minimum s igna l  t o  noise  r a t i o  may be spec i f i ed  f o r  

proper system operat ion.  

C 0 niput e r  S imula t ion  

The design as developed will be simulated with t h e  a id  of a d i g i t a l  

computer. Since,  by the na ture  of d i g i t a l  hardware a11 inguts  and out- 

pu ts  are confinee t o  d i s c r e t e  values, it i s  necessary t o  quant ize  and 

round t o  d i s c r e t e  values a f te r  each opera t ion  i n  the  s imulat ion;  t h i s  

i s  accomplished on t h e  computer by a subroutine.  From the computer 

s imulat ion,  it will be poss ib le  t o  generate  e r r o r  curves f o r  frequency 

a.nd amplitude i s o l a t i o n ,  and for behavior i n  noise .  A l i s t i n g  of the  

e n t i r e  s imulat ion i s  given i n  t h e  appendix. 
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PART I V  

SIMULATSON RESULTS 

I 

I 

The system as designed was studied by computer simulation; fre- 

quencies s tudied ranged from .75 Hz t o  8.0 Hz; amplitudes, from .O5 

t o  10.0; S/N (power) r a t i o s ,  from 10 t o  30 d b .  

of each bending mode was varied t o  t es t  i t s  e f f e c t  on t h e  a b i l i t y  of 

t h e  system t o  d isp lay  each mode a s  a separa te  amplitude and frequency; 

t h e  imput t i m e  func t ion  had t h e  f o r m  given by equat ion ( 1 2 ) .  

I n  addi t ion ,  t h e  phase 

The system was f irst  simulated without smoothing t h e  output.  

Typical  e r r o r s  i n  amplitude displayed are shown i n  Figure 9; t h e  nin- 

imum de tec t ab le  mode amplitude was .Oy. Amplitude e r r o r s  (6) var ied  

from 10 t o  15% i n  t h e  reg ion  .O5 t o  10.0 as shown. 

i n t e r v a l  of 1/2 and a frequency s t eps i ze  of .04 Hz may be expected 

t o  y i e l d  s p e c t r a l  approximations t o  wi th in  t h i s  l i m i t  o f  e r r o r .  

A quant izat ion 

10 

Frequency e r r o r s  f o r  mode amplitudes between .O5 and 10.0 ranged 

from 0.0 t o  2.04'0 as shown i n  Figure 10; t h i s  i s  what should be expected. 

A s  discussed i n  appendix C, resonance occurs a t  reference frequencies 

which are  c loses t  t o  t h e  input  frequency. For a frequency s t eps i ze  of 

.04 Hz, t h e  maximum frequency e r r o r  should be .02 Hz o r  2.5% a t  

Any dev ia t ion  from t h i s  l i m i t  of e r ro r  i s  due t o  quant iza t ion  e r r o r .  

-8 Hz. 

The above r e s u l t s  were t e s t ed  f o r  var ious input  phase s h i f t s  frcm 

0 t o  2rr. The presence of a phase s h i f t ,  no matter how d i f f e r e n t  from 

mode t o  mode, had no appreciable  e f f e c t  on t h e  output;  i n  f a c t ,  by us ing  

t h e  method discussed i n  P a r t  111, it was poss ib le  t o  obta in  an est imate  

of each phase s h i f t ,  i n  t h e  form of s i n  @ and cos fl, t o  wi th in  20%. The 
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('10) t i O t i t l 3  A 3 N 3 n O  31 jd  

Figure 10 Errors i n  Frequency I s o l a t i o n  



g r e a t e s t  errors i n  determining @ occurred when 6 was small, because of 

t h e  a d d i t i o n a l  phase term 2n 5 AfT as explained i n  appendix C .  

term gave no e r r o r s  i n  magnitude est imat ion of t he  input ,  bu t  when @ 

i s  small, both terms are e s s e n t i a l l y  of equal  s t rength ,  thus making 

it d i f f i c u l t  t o  determine @ accura te ly .  

N This  

Study of t h e  system i n  uncorrelated gaussian noise  yielded t h e  

r e s u l t s  i l l u s t r a t e d  i n  Figures  l l a  and l l b .  The e r r o r s  shown a r e  rela- 

t i v e  t o . t h o s e  e r r o r s  incurred when t h e  system i s  operat ing with no in-  

put  noise,  $ . e .  t h e  e r r o r s  given would be added t o  those given i n  Fig- 

u re s  9 and 10. 

The e f f e c t  of t h e  Hanning Window technique was t o  decrease a l l  

s ide lobes  such t h a t  mode frequencies could be displayed separa te ly  

without  ambiguity. 

smoothing, t h e  amplitudes of t h e  maxima were a t tenuated ;  t h e  amount 

of a t t e n u a t i o n  was dependent on the  mode amplitude. This r e s u l t  may 

be explained by r e c a l l i n g  t h a t  t h e o r e t i c a l l y  n u l l s  should occur i n  t h e  

spectrum a t  pos i t i ons  corresponding t o  2nn/( N+l)T u n i t s  from t h e  maxbrm. 

For t h e  system as designed these  nu l l s  should f a l l  a t  mul t ip les  of 9 

s t o r a g e  pos i t i ons  from t h e  maximum. Because of quant iza t ion  e r ror ,  and 

t h e  f a c t  t h a t  a f i n i t e  number of frequencies were used f o r  reference,  

t h e s e  pos i t i ons  were nonzero; thus  t h e  technique tended t o  reduce t h e  

maximum. Large amplitudes yielded t h e  g r e a t e s t  a t t enua t ion  a f t e r  smoot.h- 

i ng  by as much as 20%. 

a d d i t i o n a l  a t t enua t ion .  

Although frequency information was preserved a f t e r  

Amplitudes less than  . 5  yielded less than 5% 
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PART V 

DI SCUSSI ON 

The system has proved capable of i s o l a t i n g  frequencies  t o  wi th in  

t h e  pred ic ted  l i m i t  of e r r o r .  

of t h e  quant iza t ion  process .  

Amplitude e r r o r s  are a d i r e c t  r e s u l t  

To achieve g r e a t e r  accuracy i n  amplitude, 

it w i l l  be necessary t o  decrease the  s i z e  of t h e  quant iza t ion  i n t e r v a l .  

If e r r o r s  of g r e a t e r  than  5% are acceptable  i n  frequency i so l a t ion ,  

t h e  system may be s impl i f ied  by supplying fewer re ference  frequencies;  

however, t h e  d i f f e rence  i n  reference frequencies  (denoted A f i n  

appendix C )  cannot be t o o  g rea t  or resonance w i l l  never occur.  

Figures  l l a  and l l b  have shown t h e  behavior of t h e  coherent memory 

f i l t e r  i n  uncorrelated noise .  Because the  noise  samples are  uncorrelated,  

they  a r e  ac t ed  upon incoherent ly ,  i n  con t r a s t  t o  t h e  pure input .  For 

t h i s  reason, uncorrelated noise  has l i t t l e  e f f e c t  u n t i l  i t s  power con- 

t r i b u t i o n  approaches t h a t  of t h e  pure inpu t .  A s  a r e s u l t ,  noise  should 

be g r e a t e r  than  15 db below t h e  pure s i g n a l .  

The t a b l e  look-up method of frequency generat ion yielc?. far het , te r  

r e s u l t s ,  as expected, than t h e  a l t e r n a t e  method which computed new values  

f o r  each sample per iod.  Because the re  are  no quant iza t ion  e r r o r s  i n  

t h e  frequency generator  a f t e r  t h e  i n i t i a l  400 va lues  are s tored,  a l l  

samples a re  processed more e f f i c i e n t l y  t o  y i e l d  a more symmetric approxi- 

mation t o  t h e  input spectrum. 

The smoothing r e s u l t s  show t h a t  a t r adeof f  i s  required.  Since f r e -  

quencies  may be b e t t e r  displayed i n  a shor t  period of t i m e  using t h e  

Hanning Window technique, t h e  add i t iona l  amplitude e r r o r s  must be accepted. 

However, t o  y i e l d  b e t t e r  amplitude information, it is  poss ib le  t o  s t o r e  
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both t h e  smoothed and unsmoothed spectrum. Thus, once mode frequencies  

have been i so l a t ed ,  t h e  s torage  loca t ions  corresponding t o  t h e  four  mode 

frequencies  i n  t h e  unsmoothed spectrum can be examined t o  determine 

the  amplitudes. 

would be t o  increase t h e  number of r e c i r c u l a t i o n s ,  thus  allowing alonger 

process t ime. A s  shown i n  appendix B, t h e  longer t h e  process time, 

t h e  more reduced a r e  t h e  s i d e b b e s ,  and t h e  b e t t e r  the  s p e c t r a l  approxi- 

The only other  a l t e r n a t i v e  t o  a l l e v i a t e  the  problem, 

mat ion.  ' 
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PART VI 

SYSTEM SPECIFICATIONS 

Spec i f i ca t ions  given i n  t h i s  s ec t ion  are t o  be appl ied  t o  the  

Saturn V/S-IC booster .  

ing modes one through four  i n  frequency and amplitude. Errors i n  f r e -  

quency d i sp lay  w i l l  be a maximum of 5% i n  t he  expected frequency range 

of .8 Hz t o  8.0 Hz. 

i . e .  the  minimum s torage  necessary t o  i s o l a t e  f requencies  within 5%. 

The maximum amplitudes of t h e  sensors w i l l  d i c t a t e  t he  f i n a l  s torage 

requirements.  

The system w i l l  be capable of i s o l a t i n g  bend- 

The spec i f i ca t ions  a r e  based on a normalized input,  

Input  Data - 
Mode data w i l l  be suppl ied f o r  2 .8  seconds, such that 46 (N+1) 

sample values  may be processed. If it i s  des i red  t o  study more than 

one s e c t i o n  of t h e  vehic le  during t h i s  period, provis ion must be made 

for s tagger ing  the  samples on a time multiplexed basis. Noise l e v e l s  

should be kept. a mLninvm of 15 db ~ P ~ S J J  the  signal. 

Analog - D i g i t a l  (A/D) Conversion 

Input  da t a  w i l l  be sampled a t  the  r a t e  of 16 Hz, or a sampling 

pe r iod  of .0625 seconds. 

words ( including the  s ign  b i t )  a t  a minimum rate of 16 Hz. 

Sampled data  w i l l  be quantized t o  t e n  b i t  

A l l  samples 

s h a l l  be synchronized with t h e  e n t i r e  system by an e x t e r n a l  clock. 

C o r r e l a t i o n  Procedure 

Provis ion shal l  be made f o r  separate  co r re l a t ion  (two mul t ip l i e r s )  
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of t h e  quantized samples with 201 s ine  and cosine reference values.  

This w i l l  r equ i r e  a minimum multiply t i m e  of 80 microseconds (.0625/201) 

or a mult iply rate of 12.5 KHz. 

i s  t o  be processed, the  mult iply r a t e  must be increased. Each mult i -  

p l i e r  w i l l  have two t e n  b i t  inputs  and one t en  b i t  output.  

I T  mqre than one loca t ion  i n  the vehicle  

Frequency Generator 

The frequency generator s h a l l  be capable of s to r ing  400 t e n  b i t  

re ference  cosines i n  t h e  range 0.0 t o  8.0 Hz, computed i n  ,04 Hz fre- 

quency "s teps" .  Se lec t ion  of a l l  cosines and s ines  used f o r  cor re la -  

t i o n  w i l l  follow the  table look-up procedure described by equations 

(18) through (27 )  and i l l u s t r a t e d  i n  Figure 7. 

values  must be done @t t h e  minimum rate of 12.5 KHz. 

re ference  frequency w i l l  be se lec ted  every ,0625 seconds (the sampling 

pe r iod ) .  

Se lec t ion  of these  

Values f o r  each 

I f  input  da t a  i s  multiplexed, t h e  same reference values w i l l  be 

used f o r  each loca t ion  s tudied;  as a r e s u l t  the mult iply r a t e  must 

then be increased.  

Summation and Re  c ir c u b  t ion - 
Correlated da ta  s h a l l  be s w e d  with previous samples delayed by 

T, 2T, .... NT a t  the  minimum r a t e  of 12.5  KHz. Two adders a r e  nee- 

e s s a r y  f o r  s ine  and cosine cor re la t ion .  Each adder s h a l l  have one t en  

b i t  input ,  one 15  b i t  input,  and one 1 5  b i t  output.  

Each delay l i n e  (2 )  s h a l l  be capable of s to r ing  201 15 b i t  words 

( s p e c t r a l  es t imates)  f o r  .0625 seconds. After 45 r ec i r cu la t ions  
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(2.8 seconds), data from each delay l i n e  w i l l  be s h i f t e d  out  f o r  m g n i -  

tude d isp lay .  Multiplexing w i l l  r equ i r e  s torage  gf 201. words per ].oca- 

t i o n .  

Magnitude 

After 46 input  samples have been processed (45 r e c i r c u l a t i o n s ) ,  

the  201 s p e c t r a l  components s to red  i n  each delay l i n e  w i l l  be further 

processed and displayed as a magnitude s p e c t r a l  estimate by t h e  follow- 

i n g  procedure : 

Divider.  

N+ 1 
2 

Each of t h e  201 words i n  t h e  delay l i n e s  w i l l  be divided by 

23. ; the output maxima w i l l  then correspond exac t ly  t o  the - =  

i npu t  amplitudes.  

output .  

Each d iv ider  w i l l  have a 15  b i t  input  and a t e n  b i t  

Squaring. 

squared. 

ou tput .  

Each component (201) of t h e  two delay l i n e s  w i l l  then be 

The squaring device w i l l  have a t e n  b i t  input  and a 20 b i t  

Si-uiiiinticrri. 

will then  be added. 

ou tput .  Summation w i l l  be synchronized with each delay l i n e .  

The r i t h  corriporierii (n  = 1 . . . . 2211) from each delay i i n e  

The aqder w i l l  have a 20 b i t  input  and a 2 1  b i t  

Square Root. The square r o o t  device w i l l  have a 2 1  b i t  input  and a 

t e n  b i t  output .  

Magnitude Storage.  

f i r s t  be smoothed by the algorithm previously discussed, i , e .  

The magnitudes of t h e  201 s p e c t r a l  components w i l l  
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n = 1 ..... 201 

where F ( f n )  i s  t h e  nth specCral magnitude. 

This smoothing procedure requi res  processing of three components 

by a s h i f t i n g  and adding procedure, i . e .  mul t ip l i ca t ion  by .5 i s  equiva- 

l e n t  t o  s h i f t i n g  one d i g i t  to t h e  r i g h t  i n  the  r e g i s t e r ;  t e n  b i t  accur- 

acy must s t i l l  be maintained a f t e r  smQothing. 

The smoothed r e s u l t  i s  then s tored as the  nth s p e c t r a l  magnitude 

es t imate  (n = 1 .... 201), accurate  t o  t e n  b i t s .  

then be scanned t o  y i e ld  Tour mode frequencies  and four  amplitude es- 

timates. 

t imate  of frequency component, f = .04 (n-1).  If desired,  t h e  unsrnoothed 

s p e c t r a l  components may then be examined t o  y i e ld  more accurate  amplitude 

information. 

These magnitudes may 

The 2h t e n  b i t  word corresponds t o  a s p e c t r a l  amplitude e s -  

n 
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APPENDIX A 

Derivat ion of Coherent Memory F i l t e r  Output 

Consider t h e  frequency generator  t o  be of t he  form cos w(t)t 

where w ( t )  = - ‘jrt per iodic  i n  T, the delay l i n e  length  (see f i g .  4 ) .  

Using complex nota t ion :  

, 

T2 

I - j w  t 
x ( t )  = A COS w t = A - [ejwot + e 0 2  

0 

* 
The output  y ( t )  a f t e r  N c i r cu la t ions :  

N 

y*( t )  = x ( t  - kT) m(t - kT) 

k= 0 

N r  1 

= p c I 1-e- .iw 0 (t  - kT) + e - j w o ( t .  - k ~ ) i  

k= 0 

* 
The output  func t ion  y ( t )  w i l l  be examined from t = 0 t o  t = T .  

S ince  w ( t )  i s  per iodic  i n  T y ( t  - T )  = w ( t  - 2T) .... = w ( t  -NT) = w ( t )  

i f  t v a r i e s  from 0 t o  T .  

It t per iodic  i n  T 
w ( t )  = - 

T2 
(A3 ) 



and cos w(t - kT) (t - kT) = cos - 7-( t (t - kT) 
T2 

N r  1 * - kT) + e -jwo(t - kT)] 

k= 0 

t = O  T 

Recalling that: 

N+ 1 
2 
1 
2 

-$ ( CY sin - ( W ) 

sin- ( W  ) 
e - - 

-jk yl 

k= 0 

(A4 ) 

A6a ) 

(A6b ) 

(AbC) 

(A6d)  

Using equation (A7) t o  simplify (A6): 
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n t 2  
- - 2 T . e - j  5 N (woT - T) nt e j ( w o T  - 

s i n  - 1 (voT - - n t  

r r t  N+ 1 s i n  - ( woT - -) 

2 T 
T 

(Abd) 

Since 

2 
T e-jF (-woT - -) j ( - w o t  - - n t  nt ) 
nt N s i n  - (-woT - - 

2 0 T 

N+ 1 

T2 2 T e  
- - 

s i n  - 1 (-v T - - nt 

N s i n  - (-x) N x  s i n  - 
X 1 

s i n  - s i n  - (-x) 2 2 

2 -  - 2 

equat ions  (A&)  and ( A ~ c ) ,  (A6b) and Abd) may be combined t o  form a real 

t i m e  func t ion :  

N+ 1 n t  * A s i n  - (7,T + - * cos(woT + - nt2 - - N 
s i n  - 1 (woT + T) n t  

- NJr t )  Y (t> = 2 2 
2 woT 2T T2 2 

n t  N+ 1 

1 nt 0 

A 
2 

s i n  - (-woT + -) 

s i n  5 (-woT + T) 
2 cos(-w t + - + -  



n t  
T 

* . There i s  thus  o r  w T = - - nt Maxima of y ( t)  o c c w  when w T = - 
0 T 0 

a d i r e c t  r e l a t i o n s h i p  between the  t i m e  t h e  output  m a x i m a  o c c u  and the  

frequency cf t h e  inpu t ,  i . e .  

n t  1.q = - 
T2 

n t  w - -  
0 - T2 



APPENDIX 

Al te rna te  Derivat ion of t h e  CMF 

B 

1 
Spec t r a l  Approximation 

Consider t h e  output  of t h e  coherent memory f i l t e r  of Figure 3 using 

e jw(t)t f o r  co r re l a t ion :  

If 

n t  w ( t )  = - 
T2 

n ( t2 -2kTt + k2T2) 
N 

y ( t )  = x(t-kT) e' 2 (B2a) 

2 nkt 
- - e' % '* 

T x ( t  - kT) e - j  T 
k= 0 

aD 
r 

x ( t )  = - I- J dwe jwt x ( w )  2 n  

t hen  



-Qp k- 0 

Since 

2 k=O 

N + 1  2 n t  s i n  -(- + WT) 

s i n  2 (T + WT) 

y ( t )  = e - 2 T  
2n 1 2nt  

.-eo 

For N la rge ,  t he  func t ion  

N + 1  2n t  s:n - (y + WT) 2 
1- 2n t  s i n  ;; (7 + IC) 

can be considered as a sequence of impulses with argument w and a r e a  1 

centered  a t  values  of w given by 

= 2nn 2 Jtt wnT + T 

-2nt 2nn w = -  - L -  

n r n  2 ' T  
I 

Since w I f for unambiguous representation,X(w) = 0 for 
I T  

n t  Therefore,  only one impulse centered a t  w = 7 OCCUTS. 

TC 



The output thus  becomes: 

y ( t )  '2 

an approximat ion 

-23tt x( - 
T2 

t o  t h e  negat ive input spectrum. 

If 

were replaced by 

e - j w ( t ) t  

y ( t >  =" x("4) 
T2 

(B8b) 

an approximation t o  t h e  p o s i t i v e  input spectrum. 

Using both cosine and s i n e  reference values,  the  magnitude of 

any spectrum between + - I may be displayed with l a r g e  enough N .  - 2T 
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APPENDIX C 

Derivat ion of t h e  D i g i t a l  Coherent Memory F i l t e r  Output. 

Consider t h e  r e s u l t a n t  output for an input  of t h e  form 

I 

x ( t )  = cos(2nf1t + $) 

U s i n g  cosine co r re l a t ion  the  output becomes the  following: 

N 

F (f  ) = cos(2nflkT .t @) cos(2nfnkT) 1 n  

k= 0 
n=l . .. .. M + 1  

N r  1 

k= 0 

1 .i(2nfnkT) + e-.j(2nf kT) I x l e -  n I 

k= 0 
+e j[2n(f1 -f n )kT + @]+ e - j  [2n(fl + f n )kT + 

Proceeding as i n  appendix A, t he  output becomes (c4) 

s i n  - N + 1  (2n(fl -1 f ) T - 
F ( f ) = -  1 1 2 n COS [f 2n(fl + f n )T+@] 

s i n  - 2n(fl  + f n )  T 1 n  2 
2 
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1 
1 n  2 F (f ) = - cos fl 

sin- N + 1  2n(fl  - f n )  T + -  2 
1 
2 

COS 2n(fl - f ) T + 4 (C5b) n - s i n  - 2n(f l  - f n >  T 

Equation (C5a) has e s s e n t i a l l y  zero  cont r ibu t ion  except where f 1 + f n = - T '  1 
- 

Frequencies a r e  being This i s  poss ib le  only i f  f 

suppl ied from 0 t o  -* 1 the re fo re  equation (C5a) may be neglected.  

and f are 1 - 1 
1 n 2T 

2T ' 
Equation (C5b) has a maximum when f - - fn ,  i . e .  resonance. Because 

only a f i n i t e  number of re ference  frequencies are supplied,  f 

exac t ly  equal  fn .  A t  worst: 

may never 1 

4f f = f  + -  
1 n  2 

where Pf i s  tne  d i f fe rence  between re ference  frequencies .  

A t  worst then: 

N + 1  d f s i n  - ( - T )  

1 a f  L s i n  2 (F T )  

A f  
COS [ 2 n ~  T + $1 (C6) F ( f ) = -  1 2 2 

1 n  2 

b f  
2 For - small : 

If s ine  c o r r e l a t i o n  were used the  output would be 

F ( f ) = - -  s i n  fi 
2 n  2 

Therefore,  magnitudes may displsyed as i n  t k a n a l o g  case. 



APPENDIX D 

Noise Response Characteristics 

If uncorrelated noise samples of variance 6* and mean 0 are processed 
by the coherent memory filter, the resulting words stored in the delay 

line correspond to an approximation of each frequency component between 
1 =k-. 2T 

following equation: 

The variance of each component y may be characterized by the m 

N 2 
Var(y m ) = xEkT cos 2 nfmkT] (111) 

k= 0 

where y is the mth frequency cornpomnt, n is the k th noise sample. 
m kT 

Var (y m ) = nkT2 cos22nfmkT 

k=O 

since the noise samples are uncorrelated. 

2 
cos-2nf kT & 1 m 

N 
2 

p r o  

k=O 



Var (ym) 5 (~+i )  r 
0 

standard devia t ion  of y 6 becomes 
m’ Y 

cy f cow 

The r m s  value of  an input  x ( t )  = Acosw t, uncorrupted by noi-se i s  
0 

A x = -  
w rms 

The input  s i g n a l  t o  noise  power r a t i o  becomes: 

The rms value of t h e  01 tpu t  incorrupted by noise  i s  

( ~ J / N ) ~  ’ -- 42 N+l G 2(~+1) 2 0 

Improvement i n  s i g n a l  t o  noise  power ratiQ becomes: 



The peak s i g n a l  t o  noise  r a t i o  improvement becomes: 

Thus, t h e  major e f f e c t  of paise i s  t9 increase  t h e  s ide lobes  of t h e  

output  fvnc t ion .  
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APPENDIX E 

The graph on t h e  fol lawing page describes the v a r i a t i o n  of mode 

f requencies  with time. 

The minimum separa t ion  of modes i s  .75 Hz. 

of frequency with time i s  ,2 Hz/sec. occurr ing i n  t h e  fou r th  bending 

mode. Data was taken from Boeing Report No. D5-1538-1. 

They may vary from tha t  ind ica t ed  by ;t20%. 

The maximum r a t e  of change 
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Figure E l  Mode Frequency Variat ion D u r i n g  Flight 



APPENDIX F 

Derivation of Number of Rec i rcu la t ions  - 
Consider t he  behavior of the coherent memory f i l t e r  i f  the  maxi- 

m of the  spectrum of one inode 

mode : 

occurred a t  t h e  f i r s t  n u l l  of another 

N+ 1 
2 s i n  - (w0T - x) 

= o  
s i n  - I ( W ~ T  - x) 2 

N+ 1 s i n  - (wlT - x) 
2 = N + 1  s i n  - 1 ( W ~ T  - x) 
2 

... w T = w T - -  2n  
1 o N + 1  

(w0 - w ) T = -  2 n  

f o  - fl = (N+1)T 

1 N + 1  

1 

1 
(N+1)T' A minimum reso lvable  frequency difference i s  the re fo re  

For N=45, fo  - fl must be .36 Hz. From data  included i n  

Boeing Report No. D5-15381-1, mode frequencies d i f f e r  by .75 Hz o r  

g r e a t e r ;  therefore ,  a l l  modes may be adequately i s o l a t e d  for an N of 

45. 
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